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We present experimental studies of the power spectrum and other fluctuation properties in the
spectra of microwave networks simulating chaotic quantum graphs with violated time reversal in-
variance. On the basis of our data sets we demonstrate that the power spectrum in combination
with other long-range and also short-range spectral fluctuations provides a powerful tool for the
identification of the symmetries and the determination of the fraction of missing levels. Such a pro-
cedure is indispensable for the evaluation of the fluctuation properties in the spectra of real physical
systems like, e.g., nuclei or molecules, where one has to deal with the problem of missing levels.
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Introduction.— In the last decades the concept of
quantum chaos, that is, the understanding of the fea-
tures of the classical dynamics in terms of the spectral
properties of the corresponding quantum system, like nu-
clei, atoms, molecules, quantum wires and dots or other
complex systems [1–3], has been elaborated extensively.
It has been established by now that the spectral proper-
ties of generic quantum systems with classically regular
dynamics agree with those of Poissonian random num-
bers [4] while they coincide with those of the eigenvalues
of random matrices [6] from the Gaussian orthogonal en-
semble (GOE) and the Gaussian unitary ensemble (GUE)
for classically chaotic systems with and without time-
reversal (T ) invariance [5], respectively, in accordance
with the Bohigas-Giannoni-Schmit (BGS) conjecture [7].
A multitude of studies with focus on problems from the
field of quantum chaos have been performed by now theo-
retically and numerically. However, there are nongeneric
features in the spectra of real physical systems that are
not yet fully understood. Such problems are best tackled
experimentally with the help of model systems like mi-
crowave billiards [8, 9] and microwave graphs [10, 11]. In
the experiments with microwave billiards the analogy be-
tween the scalar Helmholtz equation and the Schro¨dinger
equation of the corresponding quantum billiard is ex-
ploited. Microwave graphs [10, 11] simulate the spectral
properties of quantum graphs [12–14], networks of one-
dimensional wires joined at vertices. They provide an
extremely rich system for the experimental and the theo-
retical study of quantum systems, that exhibit a chaotic
dynamics in the classical limit.
The idea of quantum graphs was introduced by Li-
nus Pauling to model organic molecules [15] and they
are also used to simulate, e.g., quantum wires [16],
optical waveguides [17] and mesoscopic quantum sys-
tems [18, 19]. The validity of the BGS conjecture
was proven rigourously for graphs with incommensurable
bond lengths in Refs. [20, 21]. Accordingly, the fluctua-
tion properties in the spectra of classically chaotic quan-
tum graphs with and without T invariance are expected
to coincide with those of random matrices from the GOE
and the GUE, respectively. This was confirmed experi-
mentally [10, 11] for the nearest-neighbor spacing distri-
bution using microwave networks [22–26].
The statistical analysis of the spectral properties of
a quantum system and the comparison with the con-
ventional GOE or GUE results requires complete se-
quences of eigenvalues belonging to the same symmetry
class [7, 27]. Accordingly, the experimental determina-
tion of the chaoticity of a system on the basis of the
spectral fluctuation properties might be far from simple,
since several effects, like, e.g., nongeneric contributions as
in the case of the stadium billiard [28], the existence of
tiny islands of regular dynamics in the chaotic sea [29],
mixed symmetries or incomplete spectra may result in
deviations from the random-matrix theory (RMT) pre-
dictions.
We are not aware of experimental studies including the
analysis of long-range spectral fluctuations in incomplete
spectra of chaotic systems with violated T invariance,
which, as outlined below, is essential to be able to obtain
conclusive results on the spectral properties. Our objec-
tive is to fill this gap. T violation was tested experimen-
tally, e.g., in nuclear spectra and in compound-nucleus
reactions [30, 31] and in electron transport through quan-
tum dots, where T violation is induced by a magnetic
field [32]. Furthermore, T violation in scattering sys-
tems was studied thoroughly in experiments with mi-
crowave billiards [33, 34]. The effects of T violation on
the spectral properties of the eigenvalues of closed quan-
tum systems have also been investigated in such sys-
tems [35–37]. However, it is difficult if not impossible
to obtain complete T violation in microwave billiards,
whereas its achievement is straightforward in microwave
networks [22–26].
In this Letter we will develop a procedure to obtain
information on the chaoticity and T symmetry of a clas-
sical system from the spectral properties of the corre-
sponding quantum system in the presence of missing lev-
els. Incomplete spectra are actually a problem one has
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2to cope with in real physical systems like, e.g., nuclei and
molecules [38–41], so such a procedure is a requisite for
their analysis [42, 43]. It is applied to the spectra of ir-
regular, fully connected microwave networks simulating
quantum graphs with violated T invariance. The impact
of missing levels on the spectral fluctuation properties
is particularly large for long-range spectral fluctuations.
It was demonstrated numerically in Ref. [44] that the
power spectrum [45, 46] is a powerful statistical mea-
sure to discriminate between deviations caused by miss-
ing levels and by the mixing of symmetries. Additional
evidence for these effects may be obtained on the basis of
commonly used statistical measures for short- and long-
range spectral fluctuations [43]. Accordingly, in order
to unambiguously identify the symmetry of the system
and the fraction of missing levels, we considered all these
statistical measures.
Experimental setup.— We simulate quantum graphs
experimentally by using a network of coaxial microwave
cables, that are coupled by junctions at the vertices. A
photograph of one example is shown in Fig. 1. The mi-
crowave networks comprised 6 junctions, that were all
connected with each other by coaxial cables, in order to
simulate a fully connected quantum graph. The coax-
ial cables (SMA-RG402) consist of an inner conductor of
radius r1 = 0.05 cm, which was surrounded by a con-
centric conductor of inner radius r2 = 0.15 cm. The
space between them was filled with Teflon. Measure-
ments yielded a dielectric constant ε ' 2.06. Below the
cut-off frequency of the TE11 mode νc ' cpi(r1+r2)√ε =
33.26 GHz [47, 48] only the fundamental TEM mode can
propagate inside a coaxial cable. Note, that not the ge-
ometric lengths Li of the coaxial cables, but the opti-
cal lengths Lopti = Li
√
ε yield the lengths of the bonds
in the corresponding quantum graph. The analogy be-
tween a quantum graph and a microwave network with
the same topology relies on the formal equivalence of the
wave equations governing the wave function ψij(x) of a
particle moving in the bond connecting vertices i and j
of a quantum graph and the potential difference Uij(x)
between the inner and the outer conductors in the corre-
sponding coaxial cable. In the first case, the equation is
given by the one-dimensional Schro¨dinger equation with
Neumann boundary conditions at the vertices connecting
the different bonds. In the second case, it coincides with
the Telegraph equation, again with Neumann boundary
conditions at the junctions connecting the coaxial cables.
The T violation was induced with five Anritsu PE8403
microwave circulators with low insertion loss which op-
erate in the frequency range from 7 − 14 GHz. These
are non-reciprocal three-port passive devices. A wave
entering the circulator through port 1, 2 or 3 exits at
port 2, 3, or 1, respectively, as illustrated schematically
in the right-upper inset of Fig. 1. The scattering matrix
FIG. 1: Photograph of one realization of a microwave net-
work. An ensemble of 30 different networks was created by
changing the lengths of four bonds using the phase shifters
visible at the bottom of the graph. Time-reversal invariance
was induced by five microwave circulators. One is shown en-
larged in the right-upper inset to illustrate their functionality.
For the measurement of the scattering matrix, the vector net-
work analyzer (VNA) was coupled to the network via a HP
85133-616 flexible microwave cable; see lower inset.
element S11 was measured using an Agilent E8364B mi-
crowave vector network analyzer (VNA), connected to a
six-arm vertex of the network via a HP 85133-616 flexible
microwave cable; see lower inset in Fig. 1. Figure 2 shows
a part of one measured reflection spectrum. Due to the
unavoidable absorption in the walls of the cables used as
bonds it exhibits weakly overlapping resonances, of which
the positions yield the eigenvalues of the corresponding
quantum graph. Accordingly, their determination was
a non-trivial task. We compared the measured reflec-
tion spectra of an ensemble of 30 different realizations
of graphs with the same total optical length L ' 7.2 m.
It was generated by varying the lengths of four bonds of
lengths Li ' 50−65 cm with phase shifters (see Fig. 1) in
steps of ± 0.112 cm, thus yielding slightly differing posi-
tions of the resonances. An estimate using Weyl’s law for
quantum graphs [13] indicated that approximately 4 %
of the eigenvalues were missing.
Fluctuations in the experimental spectra.— For the
analysis of the spectral properties of the microwave net-
works, first, the resonance frequencies need to be rescaled
in order to eliminate system specific properties like the
total length L of the graph. This is done with the help
of Weyl’s law, which states, that the resonance density
ρ(ν) = L/(2pi) is uniform. Accordingly, the rescaled
eigenvalues are determined from the resonance frequen-
cies as i = νiL/(2pi), with the frequencies sorted such
that νi ≤ νi+1.
3FIG. 2: A reflection spectrum starting at 7 GHz. The cir-
culators operate only above that frequency. The resonances
obviously overlap. This makes the determination of the res-
onance frequencies very difficult and thus calls for a reliable
theoretical description which accounts for missing levels.
A commonly used measure for short-range spectral
fluctuations is the nearest-neighbor spacing distribution,
that is, the distribution of the spacings between adja-
cent eigenvalues, si = i+1 − i. For long-range spectral
fluctuations these are the variance Σ2(L) of the num-
ber of eigenvalues in an interval L and the stiffness of
the spectrum ∆3(L), given by the least-squares devia-
tion of the integrated resonance density of the eigenval-
ues from the straight line best fitting it in the interval
L [6]. The histogram and the circles in Fig. 3 show the
nearest-neighbor spacing distribution P (s) in (a), its in-
tegral I(s) =
∫ s
0
ds′P (s′) in (b), the number variance
Σ2 in (c) and the stiffness ∆3 in (d). The experimen-
tal curves were generated by computing the averages of
the statistical measures obtained for each of the 30 mi-
crowave networks. Here, for each of them 250 resonance
frequencies could be identified. While the short-range
spectral fluctuations in (a) and (b) seem to coincide well
with those of the eigenvalues of random matrices from
the GUE (full black lines), this is not the case for the
long-range spectral fluctuations in (c) and (d).
Another statistical measure for long-range spectral
fluctuations is the power spectrum of the deviation of
the qth nearest-neighbor spacing from its mean value q,
δq = q+1 − 1 − q. It is given in terms of the Fourier
spectrum from ’time’ q to k, S(k) = |δ˜k|2, with
δ˜k =
1√
N
N−1∑
q=0
δq exp
(
−2piikq
N
)
(1)
when considering a sequence of N levels. The power spec-
trum has not established itself widely, even though, as we
will demonstrate in this Letter, it provides a particularly
useful statistical measure, especially in the presence of
missing levels. It was shown in Refs. [45, 46], that for
FIG. 3: (Color online) Spectral properties of the rescaled res-
onance frequencies. Panels (a)-(d) show the nearest-neighbor
spacing distribution P (s) (histogram), its integral I(s) (cir-
cles), the number variance Σ2 (circles) and the stiffness ∆3
statistic (circles), respectively. The experimental results are
compared to those of the eigenvalues of random matrices
from the GUE curves (black full lines) and the correspond-
ing missing-level statistics (red [gray] dashed lines) with ϕ =
0.965; see main text.
k/N  1 the power spectrum which, in fact, only de-
pends on the ratio k˜ = k/N exhibits a power law depen-
dence 〈S(k˜)〉 ∝ (k˜)−α. Here, for regular systems α = 2
and for chaotic ones α = 1 independently of whether
T invariance is preserved or not. The power spectrum
and this power law behavior was studied numerically in
Ref. [49–52], experimentally in a microwave billiard with
classically chaotic dynamics in Ref. [53] and for a sin-
gular rectangular microwave billiard in Ref. [54]. Re-
cently, it was successfully applied to the measured molec-
ular resonances in 166Er and 168Er [39]. These systems
preserve T invariance, whereas for the case of violated
T invariance in the presence of missing levels there was
a lack of experimental studies. This was the motivation
for the experiments presented in this Letter.
In Fig. 4 the experimental power spectrum (circles) is
compared to that for the eigenvalues of random matrices
from the GUE (black full line). Both curves are plot-
ted versus k˜. We observe that, firstly, both curves start
to deviate from each other below log10 k˜ . −0.5. Sec-
ondly, the experimental 〈S(k˜)〉 does not exhibit a clear
power law behavior for small k˜. These deviations, and
also those observed for the long-range spectral fluctua-
tions in Fig. 3 (c) and (d) cannot result from a mixing
of symmetries [29, 49–52], since the short-range spectral
fluctuations are well described by GUE statistics. How-
ever, similar to Ref. [39], they can be attributed to the
small fraction of missing levels, as demonstrated in the
sequel.
Missing level statistics.— As stated above, the com-
pleteness of energy spectra is a rather rare situation in ex-
4FIG. 4: (Color online) The average power spectrum. The
experimental results (black circles) are compared to that for
the eigenvalues of random matrices from the GUE (black full
line) and the corresponding missing-level statistics (red [gray]
dashed line). The fraction of the observed levels was unam-
biguously determined to ϕ = 0.965± 0.005, by comparison of
the experimental power spectrum to the latter.
perimental investigations [40–42]. The problem of miss-
ing levels can be circumvented in open systems, like mi-
crowave billiards or microwave networks, where scatter-
ing matrix elements are available. Their fluctuation prop-
erties provide measures for the chaoticity, e.g., in terms
of their correlation functions [33, 34] or the enhancement
factor [11, 55, 56]. For closed systems, analytical expres-
sions were derived for incomplete spectra based on RMT
in Ref. [43]. The nearest-neighbor spacing distribution is
expressed in terms of the (n+1)st nearest-neighbor spac-
ing distribution P (n, s), with P (0, s) = P (s). It is well
approximated by P (n, s) ' γsµe−κs2 , where for n = 0, 1
µ = 1, 4 for the GOE and µ = 2, 7 for the GUE [36]. The
coefficients γ and κ are obtained from the normalization
of P (n, s) to unity and the scaling of s to average spacing
unity, respectively. If the fraction of detected eigenvalues
ϕ is close to unity, the nearest-neighbor spacing distribu-
tion accounting for missing levels, is given by
p(s) ' P
(
s
ϕ
)
+ (1− ϕ)P
(
1,
s
ϕ
)
+ .... (2)
Similarly, the number variance Σ2 and the stiffness ∆3
may be expressed in terms of those for complete spectra
(ϕ = 1),
σ2(L) = (1− ϕ)L+ ϕ2Σ2
(
L
ϕ
)
(3)
and
δ3(L) = (1− ϕ) L
15
+ ϕ2∆3
(
L
ϕ
)
. (4)
In Fig. 3 the functions Eq. (2)-(4) are plotted for ϕ =
0.965 as red [gray] dashed lines. The agreement with the
corresponding experimental results is remarkable. Like
the experimental nearest-neighbor spacing distribution
the curve obtained from Eq. (2) is close to that of the
eigenvalues of random matrices from the GUE. This fea-
ture enabled the assignment of the GUE as the RMT
model applicable to the experimental data. In order to
corroborate that the deviations from GUE observed in
Figs. 3 and 4 indeed are solely due to missing levels we
analysed power spectra. An analytical expression was
derived for the power spectrum of incomplete spectra in
Ref [44],
〈s(k˜)〉 = ϕ
4pi2
K
(
ϕk˜
)
− 1
k˜2
+
K
(
ϕ
(
1− k˜
))
− 1
(1− k˜)2

+
1
4 sin2(pik˜)
− ϕ
2
12
, (5)
which for ϕ = 1 yields that for complete spectra. Here,
0 ≤ k˜ ≤ 1 and K(τ) is the spectral form factor, which
equals K(τ) = τ for the GUE.
This analytical result is shown as red dashed curve in
Fig. 4. The fraction of observed levels, actually, was de-
termined to ϕ = 0.965± 0.005 from the power spectrum,
which depends particularly sensitively on the value of ϕ.
This is illustrated in Fig. 5, where we compare its asymp-
totic behavior to experimental results. Here, the fraction
ϕ was varied by randomly eliminating resonance frequen-
cies. The power spectra for different values of ϕ lie close
to one another. However, they still are clearly distin-
guishable. To illustrate this, each curve was shifted by
unity with respect to its lower neighbor in Fig. 5. Even
for the case of only 70 % of observed levels, we find good
agreement between the analytical result Eq. (5) and the
experimental one.
Conclusions.— We present first experimental studies
of the fluctuation properties in incomplete spectra of
microwave networks simulating chaotic quantum graphs
with broken time reversal symmetry. The experimen-
tal results are in good agreement with the analytical ex-
pressions for missing level statistics Eqs. (2)-(4) derived
in Ref. [43] and Eq. (5) for the power spectrum given
in Ref. [44]. All these expressions explicitly take into
account the fraction of observed levels ϕ, however, the
power spectrum is particularly sensitive to it. Therefore,
we used it to determine the fraction of observed levels,
ϕ = 0.965 ± 0.005, in the experimental spectra. The
symmetry (GUE) of the system was determined from
the nearest-neighbor spacing distribution which depends
only weakly on ϕ for ϕ & 0.9. Long-range spectral fluc-
tuations were then used to confirm this assignment. The
excellent agreement between the experimental and the
analytical results, demonstrated in Fig. 5 for a range of
0.7 ≤ ϕ ≤ 0.965, clearly proves the vigorousness of the
power spectrum for the description of incomplete spectra
of quantum systems with violated T invariance.
5FIG. 5: Illustration of the sensitivity of the average power
spectrum to changes in the fraction of observed levels ϕ. The
symbols show results which were generated from the experi-
mental data by randomly eliminating resonance frequencies.
Triangles-right show the data from Fig. 4 with ϕ = 0.965,
diamonds correspond to ϕ = 0.9, triangles-up to ϕ = 0.85,
circles to ϕ = 0.8, triangles-down to ϕ = 0.75 and squares to
ϕ = 0.7. In order to allow a distinct demonstration of the
excellent agreement between the theoretical and the experi-
mental results, all except the curve for ϕ = 0.965 were shifted
with respect to their lower neighbor by unity.
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